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Abstract
Different (not only by sign) affine connections are introduced for con-
travariant and covariant tensor fields over a differentiable manifold by
means of a non-canonical contraction operator, defining the notion dual
space and commuting with the covariant and with the Lie-differential
operator. Classification of the linear transports on the basis of the con-
nections between the connections is given. Notion of relative velocity and
relative acceleration for vector fields are determined. By means of these
kinematic characteristics several other types of notions as shear velocity,
shear acceleration, rotation velocity, rotation acceleration, expansion ve-
locity and expansion acceleration are introduced and on their basis the
auto-parallel vector fields are classified.
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1 Introduction
The evolution of the differential geometry is due to a great extent to ideas
connected with attempts for describing different types of physical interactions
by means of differential geometric methods. The created at the beginning of the
20-th century theory of relativity carried out the hypotheses of some geometers
about connections between space-time and material systems, evaluating in it,
as well as ideas of many physicists, trying to investigate mathematical models
of physical systems by means of differential-geometric structures (Lichnerowicz
1979).
The evolution of the special and the general theory of relativity and the
attempts for their generalization and connection with other theories of physical
interactions provided opportunity for using new geometrical structures (differ-
ent types of fiber bundles, geometries, different from the Riemannian geometry,
complex manifolds, different basic vector fields and metric tensor fields, differ-
ent connections) (Ivanenko, Pronin, Sardanashvily 1985), (Barvinskii, Pono-
mariev, Obukhov 1985), (Hehl 1966, 1970, 1973, 1974). Different methods
are also used in finding solutions of equations for the gravitational field con-
nected with differential-geometric structures over manifolds (special vector and
tensor fields, spinor fields etc.). Problems, arising in solving the equations
of modern gravitational theories, induced an evolution of new approaches to
existing mathematical models and created preconditions for working out new
differential-geometric methods (Kramer, Stephani, MacCallum, Herlt 1980),
(Kramer, Stephani 1983)..
For a century only the mathematical models of the space-time went from the
Euclidean, Minkowskian and (pseudo)Riemannian space-time to more sophis-
ticated spaces with linear (affine) connection and metric (Hecht, Hehl 1991),
(Hehl, von der Heyde 1973), (Hehl, Kerlik 1978). The generalization of the
Newton’s theory of gravitation in the Einstein’s theory of gravitation (ETG)
was an important step toward the use of two essential differential-geometric
objects in the gravitational theory: the metric, which allows the definition of
a distance between two points of a manifolds, considered as a model of space-
time and the affine connection, which allows the transport of a geometric object
from one point to another point of a manifold and a comparison of two objects
at one and the same point. In the Riemannian geometry these two geomet-
ric objects are connected each other - the Levi-Civita (symmetric) connection
can be given by means of the Riemannian metric. This was at the beginning
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the mathematical basis for the ETG and its generalization in the range of the
Riemannian geometry. But later on the generalizations went on two different
directions: in the first one two different metrics over the one and the same
manifold were introduced (bi-metric theory of gravitation (Rosen 1973, 1974),
(Logunov, Mestvirishvili 1989)) and in the second - two different connections
for the tensor fields over a manifold were introduced (bi-connection theory of
gravitation (Tchernikov 1987, 1988, 1990)). For Riemannian spaces these two
directions came one into another. In the last few years new attempts are made
to revive the ideas of Weyl, (Edington 1925) and (Schroedinger 1950) for us-
ing manifolds with independent affine connection and metric (spaces with affine
connection and metric or (Ln, g)-spaces) as a model of space-time in a theory
of gravitation (Hecht, Hehl 1991). In such spaces the connection for co-tangent
vector fields (as dual to the tangent vector fields) differs from the connection
for the tangent vector fields only by sign. The last fact is due to the definition
of dual vector spaces over points of a manifold, which is a trivial generalization
of the definition of algebraic dual vector spaces from the multi linear algebra
(Greub 1978), (Efimov, Rosendorn 1974), (Greub, Halperin, Vanstone 1972,
1973), (Bishop, Goldberg 1968), . The hole modern differential geometry is
build on the one hand as a rigorous logical structure having as one of its main
assumption the canonical definition for algebraic dual vector spaces (with equal
dimensions) (Choquet-Bruhat, DeWitte-Morette, Dillard-Bleik 1977). On the
other hand, the possibility of introducing a non-canonical definition for algebraic
dual vector spaces (with equal dimensions) has been pointed out by many math-
ematicians (Kobayashi, Nomizu 1963) who have not exploited this possibility
for further evolution of the differential-geometric structures and its applications.
The canonical definition of dual spaces is so naturally embedded in the ground
of the differential geometry that no need has occurred for changing it (Mat-
sushima 1972), (Boothby 1975), (Lovelock, Rund 1975), (Norden 1976). But
the last time evolution of the mathematical models for describing the gravita-
tional interaction on classical level shows a tendency to generalizations using
spaces with affine connection and metric, which can be also generalized using
the freedom of the differential-geometric preconditions. The fact, that affine
connection, which in a point or over a curve in Riemannian spaces can vanish
(principle of equivalence in ETG), can also vanish under special choice of the
basic system in a space with affine connection and metric (von der Heyde 1975),
(Iliev 1992), shows that the equivalence principle in the ETG is only a corollary
of the mathematical apparatus used in this theory. Therefore, every differen-
tiable manifold with affine connection and metric can be used as a model for
space-time in which the equivalence principle holds. But, if the manifold has
two different (not only by sign) connections for tangent and co-tangent vector
fields, the situation changes and is worth being investigated.
In Section 1. the notions contravariant and covariant affine connection are
defined for contravariant and covariant tensor fields over differentiable mani-
folds. It is shown that these two different (not only by sign) connections can be
introduced by means of changing the canonical definition of dual vector spaces
(respectively of dual vector fields).
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In Einstein’s theory of gravitation (ETG) kinematic notions related to the
notion relative velocity such as shear velocity tensor (shear velocity, shear) σ,
rotation velocity tensor (rotation velocity, rotation) ω and expansion velocity
(expansion) θ, are used in finding solutions of special types of Einstein’s field
equations and in the description of the properties of the (pseudo)Riemannian
spaces without torsion (Vn-spaces). By means of these notions a classification
of Vn-spaces, admitting special types of geodesic vector fields has been pro-
posed (Ehlers 1961). The same kinematic characteristics are also necessary for
description of the projections of the Riemannian (curvature) tensor and the
Ricci tensor along a non-isotropic (non-null) vector field (Kramer, Stephani,
MacCallum, Herlt 1980) and in obtaining and using the Raychaudhuri identity
(Hawking, Ellis 1973) in Vn-spaces.
The kinematic characteristics, connected with the notion relative velocity
can be generalized for vector fields over differentiable manifolds with contravari-
ant and covariant affine connection and metric ((Ln, g)-spaces) so that in the
case of (Ln, g)- and Vn-spaces (as a special case of (Ln, g)-spaces) and for nor-
malized non-isotropic vector fields these characteristics are the same as those,
introduced in the ETG. In analogous way as in the case of the kinematic char-
acteristics, related to the notion of relative velocity, it is possible to introduce
kinematic characteristics, related to the notion of relative acceleration such as
shear acceleration tensor (shear acceleration), rotation acceleration tensor (ro-
tation acceleration) and expansion acceleration (Manoff 1985, 1992).
In Section 2., 3. and 4. the corresponding for (Ln, g)-spaces notions of rela-
tive velocity and relative acceleration are introduced. By means of these kine-
matic characteristics several other types of notions such as shear velocity, shear
acceleration, rotation velocity, rotation acceleration, expansion velocity and ex-
pansion acceleration are investigated and on their basis the auto-parallel vector
fields in (Ln, g)-spaces are classified. The generalizations compared with those
in (Ln, g)-spaces (differentiable manifolds with affine connection and metric)
appear only in the explicit forms of the expressions, written in a corresponding
basis (or in other words - only in index forms).
On the basis of the introduced notions deviation equations (playing impor-
tant role in gravitational physics) and Lagrangian theories of tensor fields can be
considered in (Ln, g)-spaces. If kinematic characteristics of a dynamic system
are given as preconditions, then the corresponding type of differentiable mani-
fold (which allows such characteristics) can be chosen as a model of space-time,
where the evolution of the system is taking place. This idea connects different
differential-geometric structures used for describing physical systems on classi-
cal level. The main objects taken in such type of considerations can be given
schematically as follows
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Differentiable manifolds
with contravariant and covariant affine connections and metric
Kinematic characteristics
of contravariant vector fields
Deviation equations
for vector fields
Lagrangian theory of tensor fields
= . =
In the present paper we will concentrate our attention only on the kinematic
characteristics of contravariant vector fields but some main ideas and definitions
will be outlined.
2 Differentiable manifolds with contravariant and
covariant affine connection and metric [(Ln, g)-
spaces]
The notion algebraic dual vector space can be introduced in such a way (Efimov,
Rosendorn 1974), in which the two vector spaces (the considered and its dual
vector space) are two independent (finite) vector spaces with equal dimensions.
2.1 Contraction operator
LetX andX∗ be two vector spaces with equal dimensions dimX = dimX∗ = n.
Let S be an operator (mapping) such that to every pair of elements u ∈ X and
p ∈ X∗ sets an element of the field K (R or C), i.e.
S : (u, p)→ z ∈ K , u ∈ X , p ∈ X∗ .
Definition 1. The operator (mapping) S is called contraction operator S,
if it is a bi-linear symmetric mapping, i.e. if it fulfills the following conditions:
a) S(u, p1 + p2) = S(u, p1) + S(u, p2) , ∀u ∈ X , ∀pi ∈ X
∗ , i = 1, 2 ,
b) S(u1 + u2, p) = S(u1, p) + S(u2, p) , ∀ui ∈ X , i = 1, 2 , ∀p ∈ X
∗ ,
c) S(αu, p) = S(u, αp) = α.S(u, p) , α ∈ K ,
d) non-degeneracy: if u1, ..., un are linear independent in X and S(u1, p) = 0,
... , S(un, p) = 0, then the p is the null element in X
∗ . In analogous way, if
p1,..., pn are linear independent in X
∗ and S(u, p1) = 0, ... , S(u, pn) = 0, then
u is the null element in X ,
e) symmetry: S(u, p) = S(p, u) , ∀u ∈ X , ∀p ∈ X∗ .
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Let e1, ..., en be an arbitrary basis in X, and let e
1, ..., en be an arbitrary
basis in X∗ . Let u = ui.ei ∈ X and p = pk.e
k ∈ X∗.
From the properties a) and b) it follows that
S(u, p) = fk i.u
i.pk = u
i.pi = pk.u
k , pi = f
k
i.pk , u
k = fk i.u
i ,
where
fk i = S(ei, e
k) = S(ek, ei) ∈ K .
In this way, the result of the action of the contraction operator S is expressed
in terms of a bi-linear form. The property non-degeneracy d) means the non-
degeneracy of the bi-linear form. The result S(u, p) can be defined in different
ways by giving arbitrary numbers fk i ∈ K, for which the condition det(f
k
i) 6= 0 and the conditions a) - d) are fulfilled.
Remark. In the canonical approach S = C and C(ei, e
k) = C(ek, ei) = g
k
i
, gki = 1 for k = i, g
k
i = 0 for i 6= k. The contraction operator C is the
corresponding to the canonical approach mapping(Boothby 1975), (Matsushima
1972)
C(u, p) = C(p, u) = p(u) = pi.u
i .
Definition 2. (Mutually) algebraic dual vector spaces := The spaces X and
X∗ are called (mutually) dual spaces, if an contraction operator acting on them
is given and they are considered together with this operator (i.e. (X,X∗, S)
with dimX = n = dimX∗ defines the two (mutually) dual vector spaces X and
X∗).
Remark. The generalization of the notion of algebraic dual vector spaces
for the case of vector fields over differentiable manifold is a trivial one. The
vector fields are considered as sections of vector bundles over a manifold. The
vector bases become dependent on the points of the manifold and the numbers
f i j are considered as functions over the manifold.
Vector and tensor fields over a differentiable manifold are provided with the
structure of a linear (vector) space by defining the corresponding operations at
every point of the manifold.
Thus, the definition of algebraic dual vector spaces over manifolds by means
of the contraction operator S as a generalization of the contraction operator C
allows considerations including functions f i j ∈ C
k(M) instead of the Kroneker
symbol gij.
2.2 Covariant differential operator. Contravariant and co-
variant affine connection
The notion affine connection can be defined in different ways but in all definitions
a linear mapping is given, which to a given vector of a vector space over a point x
of a manifold M juxtaposes a corresponding vector from the same vector space
in this point. The corresponding vector is identified as vector of the vector
space over another point of the manifold M . The way of identification is called
transport from a point to another point of the manifold.
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Definition 3. Affine connection over a differentiable manifoldM . Let V (M)
(dimM = n) be the set of all (smooth) vector fields over the manifold M . The
mapping
∇ : V (M)× V (M)→ V (M) ,
by means of
∇(u, v)→ ∇uv , u, v ∈ V (M) ,
with the following properties
a) ∇u(v + w) = ∇uv +∇uw , u, v, w ∈ V (M) ,
b) ∇u(fv) = (uf).v + f.∇uv , f ∈ C
r(M) , r ≥ 1 ,
c) ∇u+vw = ∇uw +∇vw ,
d) ∇fuv = f.∇uv ,
is called affine connection over the manifold M .
Definition 4. Covariant differential operator. The linear differential oper-
ator (mapping) ∇u with the following properties
a) ∇u(v + w) = ∇uv +∇uw , u, v, w ∈ V (M) ,
b) ∇u(fv) = (uf).v + f.∇uv , f ∈ C
r(M) , r ≥ 1 ,
c) ∇u+vw = ∇uw +∇vw ,
d) ∇fuv = f.∇uv ,
e) ∇uf = uf , f ∈ C
r(M) , r ≥ 1 ,
f)∇u(v ⊗ w) = ∇uv ⊗ w + v ⊗∇uw (Leibnitz rule), ⊗ is the sign for tensor
product,
is called covariant differential operator along the vector u.
The result ∇uv of the action of the covariant differential operator on v is
often called covariant derivative of the vector field v along the vector field u.
In a given chart (co-ordinate system) the determination of∇eαeβ in the basis
{eα} defines the components ∇
α
βγ of the affine connection ∇
∇eαeβ = ∇
γ
αβ .eγ , α, β, γ = 1, ..., n .
Definition 5. Space with affine connection. Differentiable manifoldM, pro-
vided with affine connection ∇, i.e. the pair (M,∇), is called space with affine
connection.
The action of the covariant differential operator on a contravariant (tan-
gential) co-ordinate basic vector field ∂i over M along another contravariant
co-ordinate basic vector field is determined by the affine connection ∇ = Γ with
the components Γkij in a given chart (co-ordinate system) defined through
∇∂j∂i = Γ
k
ij .∂k .
For a non-co-ordinate contravariant basis
eα (or ei) ∈ T (M), T (M) = ∪x∈MTx(M)
∇eβeα = Γ
γ
αβ .eγ .
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Definition 6. Contravariant affine connection. Affine connection ∇ =Γ
induced by the action of the covariant differential operator on contravariant
vector fields is called contravariant affine connection.
The action of the covariant differential operator on a covariant (dual to
contravariant) basic vector field eα (eα ∈ T ∗(M) , T ∗(M) = ∪x∈MT
∗
x (M))
along a contravariant basic (non-co-ordinate) vector field eβ is determined by
affine connection ∇ = P with components Pαβγ defined through
∇eβe
α = Pαγβ .e
γ .
For a co-ordinate basis dxi
∇∂jdx
i = P ikj .dx
k .
Definition 7. Covariant affine connection. Affine connection ∇ = P in-
duced by action of the covariant differential operator on covariant vector fields
is called covariant affine connection.
Definition 8. Space with contravariant and covariant affine connection (Ln-
space). Differentiable manifold provided with contravariant affine connection Γ
and covariant affine connection P is called space with contravariant and covari-
ant affine connection.
Definition 9. Space with contravariant and covariant affine connection,
and metric ( (Ln, g)-space). Differentiable manifold provided with contravariant
affine connection Γ and covariant affine connection P, and metric g is called space
with contravariant and covariant affine connection and metric.
The connection between the two connections Γ and P is based on the connec-
tion between the two dual spaces T (M) and T ∗(M), which on its side is based
on the existence of the contraction operator S. Usually commutation relations
are required between the contraction operator and the covariant differential op-
erator in the form
S ◦ ∇u = ∇u ◦ S .
If the last operator equality in the form ∇eγ ◦ S = S ◦ ∇eγ is used for
acting on the tensor product eα ⊗ eβ of two basic vector fields e
α ∈ T ∗(M) and
eβ ∈ T (M), then
∇eγ (S(e
α ⊗ eβ)) = S(∇eγ (e
α ⊗ eβ)) ,
and the relation follows
eγf
α
β = Γ
δ
βγ .f
α
δ + P
α
δγ .f
δ
β ,
(in a non-co-ordinate basis)
or
f i j,k = Γ
l
jk.f
i
l + P
i
lk.f
l
j ,
f i j,k = ∂kf
i
j ,
(in a co-ordinate basis).
The last equality can be considered from two different points of view:
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1. If P ijk(x
l) and Γijk(x
l) are given functions of co-ordinates in M , then the
equality appears as a system of equations for the unknown functions f i.j(x
k).
The solutions of these equations determine the action of the contraction operator
S on the basic vector fields for given components of both the connections. The
integrability conditions for the equations can be written in the form
Rm jkl.f
i
m + P
i
mkl.f
m
j = 0 ,
where Rm jkl are the components of the contravariant curvature tensor, con-
structed by means of the contravariant affine connection Γ, and P i.mkl are the
components of the covariant curvature tensor, constructed by means of the co-
variant affine connection P , where [R(∂i, ∂j)]dx
k = P k.lij .dx
l, [R(∂i, ∂j)]∂k = R
l
kij .∂l , R(∂i, ∂j) = ∇∂i∇∂j −∇∂j∇∂i .
2. If f i j(x
l) are given as functions of the co-ordinates in M , then the
conditions for f i j determine the connection between the components of the
contravariant affine connection Γ and the components of the covariant affine
connection P on the ground of the predetermined action of the contraction
operator S on basic vector fields.
If S = C, i.e. f i j = g
i
j , then the conditions for f
i
j are fulfilled for every
P = −Γ, i.e.
P ijk = −Γ
i
jk .
This fact can be formulated as the following proposition:
Proposition 1. S = C is a sufficient condition for P = −Γ (P ijk = −Γ
i
jk).
Corollary. If P 6= −Γ, then S 6= C , i.e. if the covariant affine connection
P has to be different from the contravariant affine connection Γ not only by
sign, then the contraction operator S has to be different from the canonical
contraction operator C (if S commutes with the covariant differential operator).
The corollary allows introduction of different (not only by sign) contravariant
and covariant connection by using contraction operator S, different from the
canonical operator C.
Example. If f i j = ϕ.g
i
j , where ϕ ∈ C
r(M), ϕ 6= 0, then P ijk = −Γ
i
jk +
(logϕ),k.g
i
j .
The covariant derivatives of contravariant vector fields can be written in an
arbitrary co-ordinate or non-co-ordinate basis
∇uv = (v
i
,j + Γ
i
kjv
k)uj .∂i = v
i
;ju
j.∂i , u, v ∈ T (M) ,
(in a co-ordinate basis),
∇uv = (eβv
α + Γαγβ.v
γ)uβ .eα = v
α
/βu
β.eα ,
∇uv = (ejv
i + Γikjv
k)uj.ei = v
i
/ju
j.ei ,
(in a non-co-ordinate basis with different type of indices).
In analogous way the covariant derivative of covariant vector fields can be
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written in an arbitrary co-ordinate or non-co-ordinate basis
∇up = (pi,j + P
k
ijpk)u
j .dxi = pi;ju
j .dxi , p ∈ T ∗(M) , u ∈ T (M) ,
(in a co-ordinate basis),
∇up = (eβpα + P
γ
αβ.pγ)u
β.eα = pα/βu
β.eα ,
∇up = (ejpi + P
k
ij .pk)u
j.ei = pi/ju
j.ei ,
(in a non-co-ordinate basis with different type of indices).
The action of the covariant differential operator on contravariant and covari-
ant tensor fields as well as on mixed tensor fields with rank ≻ 1 is generalized in
trivial manner on the ground of the Leibnitz rule, which holds for this operator.
If the Kroneker tensor is defined in the form
Kr = gij .∂i ⊗ dx
j = gαβ .eα ⊗ e
β ,
then the components of the contravariant and covariant affine connection differ
from each other by the components of the covariant derivative of the Kroneker
tensor, i.e.
Γijk + P
i
jk = g
i
j;k ,
Γαβγ + P
α
βγ = g
α
β/γ .
Remark. In the special case, when S = C, and in the canonical approach
gij;k = 0 (g
α
β/γ = 0).
2.3 Lie-differential operator
The Lie-differential operator £ξ along the contravariant vector field ξ appears
as another operator, which can be constructed by means of contravariant vector
field. His definition can be considered as a generalization of the notion Lie
derivative of tensor fields (Slebodzinski 1931), (Yano 1957), (Kobayashi, Nomizu
1963), (Lightman, Press, Price, Teukolsky 1975).
Definition 10. £ξ := Lie-differential operator along the contravariant vec-
tor field ξ with the following properties:
a) £ξ : V → V = £ξV , V, V ∈ ⊗
l(M) ,
b) £ξ :W →W = £ξW , W,W ∈ ⊗k(M) ,
c) £ξ : K → K = £ξK , K,K ∈ ⊗
l
k(M) ,
d) linear operator with respect to tensor fields,
£ξ(α.V1 + β.V2) = α.£ξV1 + β.£ξV2 , α, β ∈ F (R or C) , Vi ∈ ⊗
l(M) ,
i = 1, 2,
£ξ(α.W1 + β.W2) = α.£ξW1 + β.£ξW2 , Wi ∈ ⊗k(M) , i = 1, 2,
£ξ(α.K1 + β.K2) = α.£ξK1 + β.£ξK2 , Ki ∈ ⊗
l
k(M) , i = 1, 2,
e) linear operator with respect to the contravariant field ξ ,
£αξ+βu = α.£ξ + β.£u , α, β ∈ F (R or C), ξ, u ∈ T (M) ,
f) differential operator, obeying the Leibnitz rule,
£ξ(S ⊗ U) = £ξS ⊗ U + S ⊗£ξU , S ∈ ⊗
m
q(M) , U ∈ ⊗
k
l(M) ,
g) action on function f ∈ Cr(M) , r ≥ 1 ,
£ξf = ξf , ξ ∈ T (M) ,
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h) action on contravariant vector field,
£ξu = [ξ, u] , ξ, u ∈ T (M) , [ξ, u] = ξ ◦ u− u ◦ ξ ,
£ξeα = [ξ, eα] = −(eβξ
α − ξγ .Cγβ
α)eα ,
£eαeβ = [eα, eβ] = Cαβ
γ .eγ , Caβ
γ ∈ Cr(M) ,
£ξ∂i = −ξ
j
,i.∂j , £∂i∂j = [∂i, ∂j ] = 0 ,
i) action on covariant basic vector field,
£ξe
α = kα β(ξ).e
β , £eγ e
α = kα βγ .e
β ,
£ξdx
i = ki j(ξ).dx
j , £∂kdx
i = ki jk.dx
j .
The action of the Lie-differential operator on covariant basic vector field is
determined by its action on contravariant basic vector field and the commutation
relations between the Lie-differential operator and the contraction operator S.
2.3.1 Lie derivative of covariant co-ordinate basic vector fields
The commutation relations between the Lie-differential operator £ξ and the
contraction operator S in the case of basic co-ordinate vector fields can be
written in the form
£ξ ◦ S(dx
i ⊗ ∂j) = S ◦£ξ(dx
i ⊗ ∂j) ,
£ξ ◦ S(e
α ⊗ eβ) = S ◦£ξ(e
α ⊗ eβ) ,
(1)
where
£ξ ◦ S(dx
i ⊗ ∂j) = ξf
i
j = f
i
j,kξ
k ,
S ◦£ξ(dx
i ⊗ ∂j) = S ◦ (£ξdx
i ⊗ ∂j + dx
i ⊗£ξ∂j) =
= S(£ξdx
i ⊗ ∂j) + S(dx
i ⊗£ξ∂j) .
(2)
Since £ξdx
i = ki j(ξ).dx
j , £∂kdx
i = ki jk.dx
j , where ki j(ξ) ∈ C
r(M), ki
jk ∈ C
r(M), ki j(ξ) and k
i
jk have to be determined by means of the commu-
tation relations between £ξ and S and their action on dx
i and ∂j (respectively
eα and eβ) on the basis of the relations
£ξ∂j = −ξ
k
,j∂k , S(dx
i ⊗£ξ∂j) = −ξ
k
,jf
i
k ,
S(£ξdx
i ⊗ ∂j) = k
i
l(ξ).f
l
j ,
S[£ξ(dx
i ⊗ ∂j)] = k
i
l(ξ).f
l
j − ξ
k
,j .f
i
k =
= £ξ[S(dx
i ⊗ ∂j)] = f
i
j,kξ
k .
(3)
From the last expression the condition follows for ki l(ξ)
ki l(ξ).f
l
j = ξ
k
,j .f
i
k + f
i
j,kξ
k . (4)
By means of the non-degenerate inverse matrix (f i j)
−1 = (fj
i) and the
connections f i k.fj
k = gij , f
k
i.fk
j = gji , after multiplication of the equality
for ki l(ξ) with fm
j and summation over j, the explicit form for ki j(ξ) is
obtained in the form
ki j(ξ) = fj
l.ξk ,l.f
i
k + fj
l.f i l,kξ
k . (5)
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For £∂kdx
i = ki j(∂k).dx
j = ki jk.dx
j it follows the corresponding form
£∂kdx
i = ki jk.dx
j = fj
l.f i l,k.dx
j ,
ki jk = fj
l.f i l,k .
(6)
On the other hand, from the commutation relations between S and the
covariant differential operator∇ξ the connection between the partial derivatives
of f i j and the components of the contravariant and covariant connections Γ
and P follows in the form
f i l,k = P
i
mk.f
m
l + Γ
m
lk.f
i
m . (7)
After substituting the last expression in the expressions for ki j(ξ) and for
ki jk the corresponding quantities are obtained in the forms
ki j(ξ) = fj
l.ξk ,l.f
i
k + (P
i
jk + fj
l.Γmlk.f
i
m)ξ
k , (8)
ki j(∂k) = k
i
jk = P
i
jk + fj
l.Γmlk.f
i
m ,
£ξdx
i = [fj
l.ξk ,l.f
i
k + (P
i
jk + fj
l.Γmlk.f
i
m).ξ
k].dxj , (9)
£∂kdx
i = ki jk.dx
j =
= (P ijk + fj
l.Γmlk.f
i
m)dx
j .
(10)
If we introduce the abbreviations
ξi ,j = f
i
k.ξ
k
,lfj
l , Γijk = fj
l.Γmlk.f
i
m , (11)
then the Lie derivatives of covariant co-ordinate basic vector fields dxi along the
contravariant vector fields ξ and ∂k can be written in the form
£ξdx
i = [ξi ,j + (P
i
jk + Γ
i
jk)ξ
k]dxj ,
£∂kdx
i = (P ijk + Γ
i
jk)dx
j .
(12)
2.3.2 Lie derivative of covariant non-co-ordinate basic vector fields
In analogous way as in the case of covariant co-ordinate basic vector fields the
Lie derivatives of covariant non-co-ordinate basic vector fields can be obtained
by means of the relations
£ξ[S(e
α ⊗ eβ)] = S[£ξ(e
α ⊗ eβ)] ,
S(eα ⊗ eβ) = f
α
β ,
£ξ[S(e
α ⊗ eβ)] = ξ
γ .eγf
α
β ,
S[£ξ(e
α ⊗ eβ)] = S(£ξe
α ⊗ eβ) + S(e
α ⊗£ξeβ) ,
£ξeβ = −(eβξ
γ + Cβδ
γξδ)eγ = −ξ
γ
//β.eγ ,
ξγ //β = eβξ
γ + Cβδ
γξδ ,
£ξe
α = kα γ(ξ).e
γ ,
kα γ(ξ).f
γ
β = ξ
γ
//β.f
α
γ + ξ
γ .eγf
α
β ,
fα γ .fβ
γ = gαβ , f
γ
β.fγ
α = gαβ ,
eγf
α
δ = P
α
σγ .f
σ
δ + Γ
σ
δγ .f
α
σ ,
kα β(ξ) = f
α
γ .ξ
γ
//δ.fβ
δ + (Pαβγ + fβ
δ.Γσδγ .f
α
σ)ξ
γ ,
(13)
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£eγ e
α = kα β(eγ)e
β = kα βγ .e
β ,
kα β(eγ) = k
α
βγ = P
α
βγ + fβ
δ(Γσδγ + Cδγ
σ)fα σ ,
(14)
in the form
£ξe
α = [ξα //β + (P
α
βγ + Γ
α
βγ)ξ
γ ]eβ =
= [eβξ
α + (Pαβγ + Γ
α
βγ + Cβγ
α)ξγ ]eβ ,
(15)
£eγ e
α = (Pαβγ + Γ
α
βγ + Cβγ
α)eβ , (16)
where
ξα //β = f
α
γ .ξ
γ
//δ.fβ
δ = fα γ(eδξ
γ)fβ
δ + fα γ .Cδσ
γ .fβ
δ.ξσ =
= eβξ
α + Cβσ
α.ξσ ,
eβξ
α = fα γ(eδξ
γ)fβ
δ , Cβσ
α = fα γ .Cδσ
γ .fβ
δ ,
Γαβγ = fβ
δ.Γσδγ .f
α
σ .
(17)
2.4 Classification of linear transports with respect to the
connections between contravariant and covariant affine
connection
By means of the Lie derivatives of covariant basis vector fields a classification
can be proposed for the connections between the components Γijk (Γ
α
βγ) of the
contravariant affine connection Γ and the components P ijk (P
α
βγ) of the covariant
affine connection P . On this basis, linear transports (induced by the covariant
differential operator or by connections) and draggings along (induced by the
Lie-differential operator) can be considered as connected each other through
commutation relations of both the operators with the contraction operator.
Transport condition Type of dragging along and transports
Pαβγ + Γ
α
βγ + Cβγ
α = F
α
βγ ,
P ijk + Γ
i
jk = F
i
jk .
£ǫγ e
α = F
α
βγ .e
β ,
£∂kdx
i = F
i
jk.dx
j .
Transport with arbitrary dragging along
Pαβγ + Γ
α
βγ = Aγ .g
α
β ,
P ijk + Γ
i
jk = Ak.g
i
j .
£eγ e
α = Aγ .e
α + Cβγ
α.eβ ,
£∂kdx
i = Ak.dx
i .
Transport with co-linear dragging along
Pαβγ + Γ
α
βγ = 0 ,
P ijk + Γ
i
jk = 0 .
£eγe
α = Cβγ
α.eβ ,
£∂kdx
i = 0 .
Transport with invariant dragging along
The classification of the connections on the basis of different transport con-
ditions is analogous to the classification, proposed by Schouten and considered
by (Schmutzer 1968).
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2.5 Lie derivatives of covariant vector fields
The action of the Lie-differential operator on covariant vector and tensor fields
is determined by its action on covariant basic vector fields and on the functions
over M .
In co-ordinate basis the Lie derivative of covariant vector field p along a
contravariant vector field ξ can be written in the forms
£ξp = £ξ(pidx
i) = (£ξpi)dx
i =
= [pi,k.ξ
k + pj .ξ
j
,i + pj(P
j
ik + Γ
j
ik
)ξk]dxi =
= [pi;kξ
k + ξk ;i.pk + T
j
ki.pj .ξ
k]dxi ,
(18)
where
ξj ;i = f
j
k.ξ
k
;l.fi
l , T jki = f
j
l.T
l
km.fi
m ,
T jki = Γ
j
ik − Γ
j
ki ,
(in co-ordinate basis).
(19)
In non-co-ordinate basis the Lie derivative £ξp has the forms
£ξp = £ξ(pαe
α) = (£ξpα)e
α =
{(eγpα + P
β
αγpβ)ξ
γ + pβ [eαξ
β + (Γβαγ + Cαγ
β)ξγ ]}.eα =
= (pα/βξ
β + ξβ /α.pβ + T
β
γα.pβ .ξ
γ)eα ,
(20)
where
ξβ /α = f
β
δ.ξ
δ
/γ .fα
γ , T βγα = fα
δ.T σγδ.f
β
σ ,
Tαβγ = Γ
α
γβ − Γ
α
βγ − Cβγ
α ,
(in non-co-ordinate basis).
(21)
The action of the Lie-differential operator on covariant tensor fields is deter-
mined by its action on basic tensor fields.
3 Kinematic characteristics connected with the
notion relative velocity
3.1 Relative velocity
The notion relative velocity vector field (relative velocity) relv can be defined as
the orthogonal to a non-isotropic vector field u projection of the first covariant
derivative (along the same non-isotropic vector field u) of (another) vector field
ξ, i.e.
relv = g(hu(∇uξ)) = g
ijhjkξ
k
;lu
l.ei =
= gij .fm j .f
n
k.hmn.ξ
k
;l.u
l.ei ,
ei = ∂i (in co-ordinate basis),
(22)
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where (the indices in co-ordinate and in non-co-ordinate basis are written in
both cases as Latin indices instead as Latin and Greek indices)
hu = g −
1
e
.g(u)⊗ g(u) , (23)
hu = hij .e
i.ej , g = gij .ei.ej , ,
∇uξ = ξ
i
;ju
j .ei
ξi ;j = ejξ
i + Γikjξ
k
Γikj 6= Γ
i
jk ,
(24)
g = gij .e
i.ej ,
gij = gji ,
ei.ej = 12 (e
i ⊗ ej + ej ⊗ ei) ,
(25)
e = g(u, u) = giju
iuj = uiu
i 6= 0
g(u) = giku
k = ui = gik.u
k , uk = fk l.u
l ,
ei.ej =
1
2 (ei ⊗ ej + ej ⊗ ei) ,
gij = f
k
i.f
l
j .gkl ,
g[g(p)] = p , p ∈ T ∗(M) , g[g(u)] = u ,
gikgkj = g
i
j , gikg
kj = gji , g
ij = f i k.f
j
l.g
kl ,
(26)
hu(∇uξ) = hijξ
j
;ku
k.ei
hij = gij −
1
e .uiuj .
(27)
In a co-ordinate basis
ejξ
i = ξi ,j = ∂jξ
i = ∂ξi/∂xj,
ej = dxj ,
ei = ∂i = ∂/∂x
i,
u = ui.∂i,
Every contravariant vector field ξ can be written by means of its projection
along and orthogonal to u in two parts - one collinear to u and one - orthogonal
to u , i.e.
ξ =
l
e
.u+ hu[g(ξ)] =
l
e
.u+ g[hu(ξ)] , (28)
where
l = g(ξ, u)
hu = g − 1e .u⊗ u
ξ = ξi.∂i = ξ
k.ek
hu = hijei.ej ,
(29)
g(hu)g = h
u
hu(g)(g) = hu
hu(g)(g) = hu
g(hu)g = hu .
(30)
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Therefore, ∇uξ can be written in the form
∇uξ =
l
e .u+ g[hu(∇uξ)] =
l
e .u+rel v
l = g(∇uξ, u)
(31)
and the connection between ∇uξ and relv is obvious. Using the relation (Yano
1957) between the Lie derivative £ξu and the covariant derivative ∇ξu
£ξu = ∇ξu−∇uξ − T (ξ, u)
T (ξ, u) = T kijξ
iuj .ek ,
(32)
T kij = −T
k
ji = Γ
k
ji − Γ
k
ij − C
k
ij
(in a non-co-ordinate basis {ek}) ,
[ei, ej] = £eiej = C
k
ij .ek ,
T kij = Γ
k
ji − Γ
k
ij
(in a co-ordinate basis {∂k} ) ,
one can write ∇uξ in the form
∇uξ = (k)g(ξ)−£ξu = k[g(ξ)]−£ξu, (33)
or taking into account the above expression for ξ - in the form
∇uξ = k[hu(ξ)] +
l
e
.a−£ξu ,
where
k[g(ξ)] = ∇ξu− T (ξ, u)
k = (ui ;l − T
i
lku
k)glj .ei ⊗ ej ,
(34)
k[g(u)] = k(g)u = kijgjku
k.ei
= a = ∇uu = u
i
;ju
j .ei .
(35)
For hu(∇uξ) it follows
hu(∇uξ) = hu(
l
e
.a−£ξu) + hu(k)hu(ξ) , (36)
where
hu(k)hu(ξ) = hikk
klhljξ
j .ei,
hu(u) = 0,
u(hu) = 0,
hu(k)hu(u) = 0,
(u)hu(k)hu = 0.
If we introduce the abbreviation
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d = hu(k)hu = hikk
klhlj .e
i ⊗ ej = dij .e
i ⊗ ej , (37)
the expression for relv can take the form
relv = g[hu(∇uξ)] = g(hu)(
l
e
.a−£ξu) + g[d(ξ)] =
= [gikhkl(
l
e
.al −£ξu
l) + gikdklξ
l].ei =rel v
i.ei , (38)
or
g(relv) = hu(∇uξ) = hu(
l
e
.a−£ξu) + d(ξ) . (39)
For the special case when the vector field ξ is orthogonal to u, i.e. ξ =
g[hu(ξ)], and the Lie derivative of u along ξ is zero, i.e. £ξu = 0, then the
relative velocity can be written in the form
g(relv) = d(ξ) (40)
or in the form
relv = g[d(ξ)].
3.2 Deformation velocity, shear velocity, rotation velocity
and expansion velocity
The covariant tensor field d is a generalization for (Ln, g)-spaces of the well
known deformation velocity tensor for Vn-spaces (Stephani 1977), (Kramer,
Stephani, MacCallum, Herlt 1980). It is usually represented by means of its
three parts: the trace-free symmetric part, called shear velocity tensor (shear),
the anti symmetric part, called rotation velocity tensor (rotation) and the trace
part, in which the trace is called expansion velocity (expansion) invariant.
After some more complicated as for Vn-spaces calculations the deformation
velocity tensor d can be given in the form
d = hu(k)hu = hu(ks)hu + hu(ka)hu =
= σ + ω + 1n−1 .θ.hu ,
(41)
where
σ is the shear velocity tensor (shear) ,
σ =s E −s P = E − P −
1
n−1 .g[E − P ].hu = σij .e
i.ej =
= E − P − 1n−1 .(θo − θ1).hu,
(42)
sE = E −
1
n−1 .g[E].hu
g[E] = gij .Eij = g
ij .Eij = θo ,
(43)
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E = hu(ǫ)hu
ks = ǫ −m
ǫ = 12 (u
i
;lg
lj + uj;l.g
li).ei.ej ,
(44)
m =
1
2
(T ilku
kglj + T jlku
kgli)ei.ej . (45)
sE is the torsion-free shear velocity tensor, sP is the shear velocity tensor
induced by the torsion,
sP = P −
1
n−1 .g[P ].hu
g[P ] = gklPkl = g
kl.Pkl = θ1,
(46)
P = hu(m)hu
θ1 = T
k
klu
l
θo = u
n
;n −
1
2e(e,ku
k − gkl;mu
mukul) ,
(47)
e,k = eke
θ = θo − θ1 ,
(48)
θ is the expansion velocity, θo is the torsion-free expansion velocity, θ1 is the
expansion velocity induced by the torsion,
ω is the rotation velocity tensor (rotation velocity),
ω = hu(ka)hu = hu(s)hu − hu(q)hu = S −Q , (49)
s = 12 (u
k
;mg
ml − ul ;mg
mk).ek ∧ el
ek ∧ el =
1
2 (ek ⊗ el − el ⊗ ek) ,
(50)
q = 12 (T
k
mng
ml − T lmng
mk)un.ek ∧ el
S = hu(s)hu , Q = hu(q)hu ,
(51)
S is the torsion-free rotation velocity tensor, Q is the rotation velocity tensor
induced by the torsion.
By means of the expressions for σ, ω and θ the deformation velocity tensor
can be written in two parts
d = do + d1
do =s E + S +
1
n−1 .θo.hu
d1 =s P +Q+
1
n−1 .θ1.hu ,
(52)
where do is the torsion-free deformation velocity tensor and d1 is the deformation
velocity tensor induced by the torsion. For the case of Vn-spaces d1 = 0 (sP = 0
, Q = 0 , θ1 = 0).
The shear velocity tensor σ and the expansion velocity θ can be written also
in the form
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σ =
1
2
{hu(∇ug −£ug)hu −
1
n− 1
(hu[∇ug −£ug]).hu} = (53)
=
1
2
{hik(g
kl
;mu
m−£ug
kl)hlj−
1
n− 1
.hkl(g
kl
;mu
m−£ug
kl).hij}.e
i.ej . (54)
θ = 12 .hu[∇ug −£ug] =
1
2 [∇gu+ T (u, g)] =
= 12hij(g
ij
;ku
k −£ug
ij) .
The main result of the above considerations can be summarized in the fol-
lowing proposition:
Proposition 2.The covariant vector field g(relv) = hu(∇uξ) can be written
in the forms:
hu(∇uξ) = hu(
l
e
.a−£ξu) + d(ξ) =
= hu(
l
e
.a−£ξu) + σ(ξ) + ω(ξ) +
1
n− 1
.θ.hu(ξ) .
The physical interpretation of the velocity tensors d, σ, ω and of the invariant
θ for the case of V4-spaces (Synge 1960), (Ehlers 1961), (Kramer, Stephani,
MacCallum, Herlt 1980) can be extended also for (L4, g)-spaces. In this case
the torsion play an equivalent role as the covariant derivative in the velocity
tensors. The individual designation, connected with the physical interpretation
of these kinematic characteristics, is given in the Appendix A - Table 1. It
is easy to see that the existence of some kinematic characteristics (sP , Q, θ1)
depends on the existence of the torsion tensor field. They vanish if it is equal
to zero (e.g. in Vn-spaces).
4 Kinematic characteristics connected with the
notion relative acceleration
4.1 Relative acceleration
The notion relative acceleration vector field (relative acceleration) rela can be
defined (in analogous way as relv) as the orthogonal to a non-isotropic vector
field u (g(u, u) = e 6= 0) projection of the second covariant derivative (along the
same non-isotropic vector field u) of (another) vector field ξ, i.e.
rela = g(hu(∇u∇uξ)) = g
ijhjk(ξ
k
;lu
l);mu
mei . (55)
∇u∇uξ = (ξ
i
;lu
l);mu
mei is the second covariant derivative of a vector field ξ
along the vector field u. It is an essential part of all types of deviation equations
in Vn- and (Ln, g)-spaces (Manoff 1979,1984), (Iliev, Manoff 1983).
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If we take into account the expression for ∇uξ
∇uξ = k[g(ξ)]−£ξu,
and differentiate covariant along u, then we obtain
∇u∇uξ = {∇u[(k)g]}(ξ) + (k)(g)(∇uξ)−∇u(£ξu)
By means of the relations
k(g)g = k ,
∇u[k(g)] = (∇uk)(g) + k(∇ug) ,
{∇u[k(g)]}g = ∇uk + k(∇ug)g ,
∇u∇uξ can be written in the form
∇u∇uξ =
l
e
.H(u) +B(hu)ξ − k(g)£ξu−∇u(£ξu) (56)
(compare with ∇uξ =
l
e .a+ k(hu)ξ − £ξu),
where
H = B(g) = (∇uk)(g) + k(∇ug) + k(g)k(g) ,
B = ∇uk + k(g)k + k(∇ug)g = ∇uk + k(g)k − k(g)(∇ug) .
The orthogonal to u covariant projection of ∇u∇uξ will have therefore the
form
hu(∇u∇uξ) = hu[
l
e
H(u)− k(g)£ξu−∇u£ξu] + [hu(B)hu](ξ) . (57)
In the special case, when g(u, ξ) = l = 0 and £ξu = 0 , the above expression
has the simple form
hu(∇u∇uξ) = [hu(B)hu](ξ) = A(ξ) , (58)
(compare with hu(∇uξ) = [hu(k)hu](ξ) = d(ξ)).
The explicit form of H(u) follows from the explicit form of H and its action
on the vector field u
H(u) = (∇uk)[g(u)] + k(∇ug)(u) + k(g)(a) = ∇u[k(g)(u)] = ∇ua . (59)
Now hu[∇u∇uξ] can be written in the form
hu(∇u∇uξ) = hu[
l
e
.∇ua− k(g)(£ξu)−∇u(£ξu)] +A(ξ) (60)
(compare hu(∇uξ) = hu(
l
e .a−£ξu) + d(ξ)).
The explicit form of A = hu(B)hu can be found in analogous way as the
explicit form for d = hu(k)hu in the expression for relv.
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4.2 Deformation acceleration, shear acceleration, rotation
acceleration and expansion acceleration
The covariant tensor A, named deformation acceleration tensor can be repre-
sented as a sum, containing three terms: a trace-free symmetric term, an anti
symmetric term and a trace term
A =s D +W +
1
n− 1
.U.hu (61)
where
D = hu(sB)hu (62)
W = hu(aB)hu (63)
U = g[sA] = g[D] (64)
sB =
1
2
(Bij +Bji)ei.ej , aB =
1
2
(Bij −Bji)ei ∧ ej, (65)
sA =
1
2
(Aij +Aji)e
i.ej , (66)
sD = D −
1
n− 1
.g[D].hu = D −
1
n− 1
.U.hu . (67)
sD is the shear acceleration tensor (shear acceleration), W is the rotation
acceleration tensor (rotation acceleration) and U is the expansion acceleration
invariant (expansion acceleration). Furthermore, every one of these quantities
can be divided into three parts: torsion- and curvature-free acceleration, accel-
eration induced by torsion and acceleration induced by curvature.
Let us now consider the representation of every acceleration quantity in its
essential parts, connected with its physical interpretation.
The deformation acceleration tensor A can be written in the following forms
A =s D +W +
1
n− 1
.U.hu = A0 +G =F A0 −T A0 +G , (68)
A =s D0 +W0 +
1
n− 1
.U0.hu +s M +N +
1
n− 1
.I.hu , (69)
A =sF D0 +F W0 +
1
n−1 .FU0.hu−
−(sTD0 +T W0 +
1
n−1 .TU0.hu)+
+sM +N +
1
n−1 .I.hu ,
(70)
where
A0 =F A0 −T A0 =s D0 +W0 +
1
n− 1
.U0.hu , (71)
FA0 =sF D0 +F W0 +
1
n− 1
.FU0.hu , (72)
FA0(ξ) = hu(∇ξ
⊥
a) , ξ⊥ = g[hu(ξ)] , (73)
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TA0 =sT D0 +T W0 +
1
n− 1
.TU0.hu , (74)
G =s M +N +
1
n− 1
.I.hu = hu(K)hu , (75)
hu([R(u, ξ)]u) = hu(K)hu(ξ) for ∀ ξ ∈ T (M) , (76)
[R(u, ξ)]u = ∇u∇ξu−∇ξ∇uu−∇£uξu , (77)
K = Kklek ⊗ el , K
kl = Rk mnrg
rlumun , (78)
Rk mnr are the components of the contravariant Riemannian curvature ten-
sor,
Ka = K
kl
a .ek ∧el, K
kl
a =
1
2
(Kkl−K lk) , Ks = K
kl
s ek.el , K
kl
s =
1
2
(Kkl+K lk) ,
(79)
sD =s D0 +s M , W =W0 +N =F W0 −T W0 +N , (80)
U = U0 + I =F U0 −T U0 + I , (81)
sM =M −
1
n− 1
.I.hu , M = hu(Ks)hu , I = g[M ] = g
ijMij , (82)
N = hu(Ka)hu , (83)
sD0 =sF D0 −sT D0 =F D0 −
1
n− 1
.FU0.hu − (TD0 −
1
n− 1
.TU0.hu) , (84)
sD0 =sF D0 −T D0 −
1
n− 1
(FU0 −T U0)hu , (85)
sD0 = D0 −
1
n− 1
.U0.hu , (86)
sFD0 =F D0 −
1
n− 1
.FU0.hu , FD0 = hu(bs)hu , (87)
b = bs + ba , b = b
klek ⊗ el , b
kl = ak ;ng
nl , (88)
ak = uk ;mu
m , bs = b
kl
s ek.el , b
kl
s =
1
2
(bkl + blk) , (89)
ba = b
kl
a ek ∧ el , b
kl
a =
1
2
(bkl − blk) , (90)
FU0 = g[FD0] = g[b]−
1
e
.g(u,∇ua) , g[b] = gklb
kl , (91)
sTD0 =T D0 −
1
n− 1
.TU0.hu =sF D0 −s D0 , TD0 =F D0 −D0 , (92)
U0 = g[D0] =F U0 −T U0 , TU0 = g[TD0] , (93)
FW0 = hu(ba)hu , TW0 =F W0 −W0 . (94)
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Under the conditions £ξu = 0 , ξ = ξ⊥ = g(hu(ξ)) , (l = 0), the expression
for hu(∇u∇uξ) can be written in the forms
hu(∇u∇uξ⊥) = A(ξ⊥) = A0(ξ⊥) +G(ξ⊥) , (95)
hu(∇u∇uξ⊥) =F A0(ξ⊥)−T A0(ξ⊥) +G(ξ⊥) , (96)
hu(∇u∇uξ⊥) = (sFD0 +F W0 +
1
n− 1
.FU0.g)(ξ⊥)−
− (sTD0 +T W0 +
1
n− 1
.TU0.g)(ξ⊥) + (sM +N +
1
n− 1
.I.g)(ξ⊥) , (97)
which enable one to find a physical interpretation of the quantities sD,W ,U
and of the contained in their structure quantitiessFD0, FW0, FU0, sTD0, TW0,
TU0, sM , N , I. The individual designation, connected with their physical
interpretation, is given in the Appendix A - Table 1. The expressions of these
quantities in terms of the kinematic characteristics of the relative velocity are
given in the Appendix A.
After the above consideration the following proposition can be formulated:
Proposition 3. g(rela) = hu(∇u∇uξ) can be written in the form
g(rela) = hu[
l
e
.∇ua−∇£ξuu−∇u(£ξu) + T (£ξu, u)] +A(ξ) ,
where
A(ξ) =s D(ξ) +W (ξ) +
1
n− 1
.U.hu(ξ) . (98)
For the case of affine symmetric connection (T (w, v) = 0 for ∀ w, v ∈ T (M) ,
T kij = 0, Γ
k
ij = Γ
k
ji ) and Riemannian metric (∇vg = 0 for ∀v ∈ T (M), gij;k = 0)
kinematic characteristics are obtained in Vn-spaces, connected with the notion
relative velocity (Manoff 1992) and relative acceleration (Manoff 1985). For
the case of affine non-symmetric connection (T (w, v) 6= 0 for ∀ w, v ∈ T (M)
, Γijk 6= Γ
i
kj) and Riemannian metric kinematic characteristics are obtained in
Un-spaces (Manoff 1985).
5 Classification of auto-parallel vector fields on
the basis of the kinematic characteristics con-
nected with the relative velocity and relative
acceleration
The classification of (pseudo)Riemannian spaces Vn, admitting the existence of
auto-parallel (in the case of Vn-spaces they are geodesic) vector fields (∇uu =
a = 0) with given kinematic characteristics, connected with the notion relative
velocity, can be extended to a classification of differentiable manifolds with con-
travariant and covariant affine connection and metric, admitting auto parallel
vector fields with certain kinematic characteristics, connected with the relative
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velocity and the relative acceleration. In this way the following two schemes
for the existence of special type 1. and 2. of vector fields can be proposed (s.
Appendix B. - Table 2.). Different types of combinations between the single
conditions of the two schemes can also be taken under consideration.
5.1 Special geodesic vector fields with vanishing kinematic
characteristics, induced by the curvature, in (pseudo)
Riemannian spaces
On the basis of the classification 2. the following propositions in the case of
Vn-spaces can be proved:
Proposition 4. Non-isotropic geodesic vector fields in Vn-spaces are geodesic
vector fields with curvature rotation acceleration tensor N equal to zero, i.e.
N = 0.
Proof:
N = hu(Ka)hu = hikK
kl
a hlje
i ∧ ej,
Kkla =
1
2 (K
kl −K lk) = 12 (R
k
mnrg
rl −Rlmnrg
rk)umun,
(99)
For the case of Vn-space, where
Rkmnr = Rnrkm , Rkmnr = gklR
l
mnr , (100)
the conditions
Rk mnrg
rl = Rl nmrg
rk , Rk mn
l = Rl nm
k, (101)
follow and therefore
Kkla =
1
2
(Rk mnrg
rl −Rl mnrg
rk)umun = 0 , (102)
Ka = 0 , N = 0 .
Proposition 5. Non-isotropic geodesic vector fields in Vn-spaces with equal
to zero Ricci tensor (Rik = R
l
ikl = g
l
mR
m
ikl = 0) are geodesic vector fields
with curvature rotation acceleration N and curvature expansion acceleration I,
both equal to zero, i.e. N = 0, I = 0.
Proof: 1. From the proposition 4. it follows that Ka = 0 and N = 0.
2. I = g[K] = gijK
ij = gijR
i
mnrg
rjumun = griR
i
mnru
mun = Rmnu
mun = 0 .
(103)
Proposition 6. Non-isotropic geodesic vector fields in Vn-spaces with con-
stant curvature
[R(ξ, η)]v =
1
n(n− 1)
.R0[g(v, ξ)η − g(v, η)ξ] , ∀ξ, η, v ∈ T (M), (104)
(in index form
Ri jkl =
R0
n(n− 1)
(gil .gjk − g
i
k.gjl) , R0 = const.) (105)
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are geodesic vector fields with curvature shear acceleration and curvature rota-
tion acceleration, both equal to zero, i.e. sM = 0, N = 0.
Proof: 1. From the proposition 4. it follows that N = 0.
2. sM =M −
1
n− 1
.I.hu , M = hu(Ks)hu = g(Ks)g ,
M = g(Ks)g = gikK
klglje
i.ej =Mije
i.ej ,
Mij = gikR
k
mnrg
rlglju
mun = Rimnju
mun =
R0
n(n− 1)
.e.hij , (106)
M =
R0.e
n(n− 1)
.hu , e = g(u, u) = giju
iuj , (107)
I = g[K] = g[M ] = gijMij =
1
n
.R0.e , g
ijhij = n− 1 , (108)
sM =M −
1
n− 1
.I.hu = 0. (109)
The projections of the curvature tensor of the type G = hu(K)hu (or R
i
jklu
juk) along the non-isotropic vector field u acquire a natural physical mean-
ing as quantities, connected with the kinematic characteristics curvature shear
acceleration sM , curvature rotation acceleration N and curvature expansion
acceleration I.
The projection of the Ricci tensor (g[K], or Riku
iuk) and the Raychaudhuri
identity for vector fields represent an expression of the curvature expansion ac-
celeration, given in terms of the kinematic characteristics of the relative velocity
I = g[M ] = Riju
iuj =
= −aj ;j + g
ij .sEik.g
kl.σlj + g
ijSikg
klωlj + θ
.
0 +
1
n−1 .θ0.θ+
+ 1e [a
k(e,k − unT
n
kmu
m − gmn;ku
mun − gkm;lu
lum)+
+ 12 (u
ke,k);lu
l − 12 (gmn;ku
k);lu
lumun]−
1
e2 [
3
4 (e,ku
k)2 − (e,ku
k)gmn;lu
lumun + 14 (gmn;lu
lumun)2] ,
θ. = θ,ku
k
(110)
In the case of Vn-spaces the kinematic characteristics, connected with the
relative velocity and the relative acceleration have the forms:
a) kinematic characteristics, connected with the relative velocity
d = d0 d1 = 0 k = ko
σ =s E sP = 0 m = 0
ω = S Q = 0 q = 0
θ = θo θ1 = 0 ∇uu = a 6= 0 , a = 0
b) kinematic characteristics, connected with the relative acceleration (∇uu =
a 6= 0)
A =F A0 +G TA0 = 0 N = 0
G =s M +
1
n−1 .I.hu sTD0 = 0
W =F W0 TW0 = 0
U =F U0 + I TU0 = 0 ∇uu = a 6= 0
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c) kinematic characteristics, connected with the relative acceleration (∇uu =
a = 0)
A = G
G =s M +
1
n−1 .I.hu
W = 0
U = I
TA0 = 0 N = 0
sTD0 = 0
TW0 = 0
TU0 = 0 ∇uu = a = 0
On the basis of the different kinematic characteristics dynamic systems can
be classified and considered in Vn-spaces.
5.2 Special vector fields over manifolds with contravariant
and covariant affine connection and metric with van-
ishing kinematic characteristics induced by the curva-
ture
The explicit forms of the quantitiesG,M , N and I, connected with accelerations
induced by curvature can be used for finding conditions for existence of special
types of contravariant vector fields with vanishing characteristics induced by the
curvature. G, M , N and I can be expressed in the following forms:
G = hu(K)hu = g(K)g −
1
e .g(u)⊗ [g(u)](K)g ,
K[g(u)] = 0 ,
(111)
M = hu(Ks)hu = g(Ks)g −
1
2e{g(u)⊗ [g(u)](K)g + [g(u)](K)g ⊗ g(u)} =
=Mij .dx
i.dxj =Mαβ .e
α.eβ , Mij =Mji ,
Mij =
1
2 [gik.glj + gjk.gli −
1
e (ui.glj + uj .gli)uk]R
k
mnqu
mun.gql ,
(112)
I = g[M ] = g[Ks] = g[K] = Rρσ.u
ρuσ = Rkl.u
kul , (113)
N = hu(Ka)hu = g(Ka)g −
1
2e{g(u)⊗ [g(u)](K)g − [g(u)](K)g ⊗ g(u)} =
= Nij .dx
i ∧ dxj = Nαβ .e
α ∧ eβ , Nij = −Nji ,
Nij =
1
2 [gik.glj − gjk.gli −
1
e (ui.glj − uj.gli)uk]R
k
mnq.u
mun.gql .
(114)
By means of the above expressions conditions can be found under which
some of the quantities M , N , I vanish.
5.2.1 Contravariant vector fields without rotation acceleration, in-
duced by the curvature (N = 0)
If the rotation acceleration N , induced by the curvature vanishes, i.e. if N = 0,
then the following proposition can be proved:
Proposition 7. The necessary and sufficient condition for the existence of
a contravariant vector field u (g(u, u) = e 6= 0) without rotation acceleration,
induced by the curvature (i.e. with N = 0) is the condition
Ka =
1
2e
{u⊗ [g(u)](K)− [g(u)](K)⊗ u} . (115)
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Proof: 1. Sufficiency: From the above expression it follows
N = hu(Ka)hu =
= g(Ka)g −
1
2e{g(u)⊗ [g(u)](K)g − [g(u)](K)g ⊗ g(u)} = 0 ,
g([g(u)](K)) = [g(u)](K)g .
2. Necessity: If N = hu(Ka)hu = 0, then
g(Ka)g =
1
2e{g(u)⊗ [g(u)](K)g − [g(u)](K)g ⊗ g(u)} ,
Ka =
1
2e{u⊗ [g(u)](K)− [g(u)](K)⊗ u} .
In co-ordinate basis the necessary and sufficient condition has the forms
Kij = Kji + 1e .ul(u
i.K lj − uj .K li) ,
{Rjnim −Rimjn −
1
e (uiRlmnj − ujRlmni)u
l}.umun = 0 ,
(116)
where
Rijkl = gin.R
n
jkl .
Proposition 8. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without rotation acceleration, induced by the
curvature (i.e. with N = 0) is the condition
Ka = 0 . (117)
Proof: From Ka = 0 and the form for N , N = hu(Ka)hu, it follows N = 0.
In co-ordinate basis
(Ri klm.g
mj −Rj klm.g
mi)ukul = 0 ,
(Rikjl −Rjlik)u
kul = 0 .
(118)
Ka = 0 can be presented also in the form
[g(ξ)]([R(u, v)]u)− [g(v)]([R(u, ξ)]u) = 0 , ∀ξ, v ∈ T (M) .
In this case M = G = g(K)g , I = g[G].
Proposition 9. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without rotation acceleration, induced by the
curvature (i.e. with N = 0) is the condition
g(η, [R(ξ, v)]w) = g(ξ, [R(η, w)]v) , ∀η, ξ, v, w ∈ T (M) , (119)
or in co-ordinate basis
Rijkl = Rklij . (120)
Proof: Because of R(ξ, u) = −R(u, ξ) and for η = v the last expression will
be identical with the sufficient condition from proposition 9.
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5.2.2 Contravariant vector fields without shear acceleration sM , in-
duced by the curvature (sM = 0)
Proposition 10. The necessary and sufficient condition for the existence of
a contravariant vector field u (g(u, u) = e 6= 0) without shear acceleration,
induced by the curvature (i.e. with sM = 0) is the condition
M =
1
n− 1
.I.hu =
1
n− 1
.g[M ].hu . (121)
Proof: 1. Sufficiency: From the expression for M and the definition of
sM =M −
1
n−1 .I.hu it follows sM = 0.
2. Necessity: From sM = 0 =M −
1
n−1 .I.hu the form of M follows.
In co-ordinate basis the necessary and sufficient condition can be written in
the form
{[gik.glj + gjk.gli −
1
e (ui.glj + uj .gli)uk]R
k
mnsg
sl−
− 2n−1 .Rmn(gij −
1
e .uiuj)}u
mun = 0 .
(122)
The condition sM = 0 is identical with the condition for Ks:
Ks =
1
n− 1
.I.hu +
1
2e
{u⊗ [g(u)](K) + [g(u)](K)⊗ u} . (123)
5.2.3 Contravariant vector fields without shear and expansion accel-
eration, induced by the curvature (sM = 0, I = 0)
Proposition 11. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without shear and expansion acceleration,
induced by the curvature (i.e. with sM = 0, I = 0) is the condition
Ks =
1
2e
{u⊗ [g(u)](K) + [g(u)](K)⊗ u} . (124)
Proof: After acting on the left and on the right side of the last expression
with g
g(Ks)g =
1
2e{g(u)⊗ [g(u)](K)g + [g(u)](K)g ⊗ g(u)} ,
g([g(u)](K)) = ([g(u)](K))g = [g(u)](K)g , u(g) = g(u) ,
and comparing the result with the form for M ,
M = hu(Ks)hu = g(Ks)g −
1
2e
{g(u)⊗ [g(u)](K)g + [g(u)](K)g ⊗ g(u)} ,
it follows that M = 0. Since I = g[M ] it follows that I = 0 and sM = 0.
Proposition 12. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without shear and expansion acceleration,
induced by the curvature (i.e. with sM = 0, I = 0) is the condition
Ks = 0 .
Proof: From the condition and the form of M , M = hu(Ks)hu, it follows
that M = 0 and therefore I = 0 and sM = 0.
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5.2.4 Contravariant vector fields without shear and rotation accel-
eration, induced by the curvature (sM = 0, N = 0)
Proposition 13. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without shear and rotation acceleration, induced
by the curvature (i.e. with sM = 0 , N = 0) is the condition
[R(u, ξ)]v = Rn(n−1) [g(v, u).ξ − g(v, ξ).u] ,
∀v, ξ ∈ T (M) , R ∈ Cr(M) .
(125)
Proof: Since v is an arbitrary contravariant vector field it can be chosen as
u. Then, because of the relation
hu([R(u, ξ)]u) = hu(K)hu(ξ) = G(ξ) , (126)
it follows that
G = hu(K)hu =
R
n(n− 1)
.e.hu = Gs , Ga = hu(Ka)hu = 0 . (127)
Therefore
M = Gs =
R.e
n(n− 1)
.hu , N = Ga = 0 , I =
1
n
.R.e , sM = 0 . (128)
In co-ordinate basis the sufficient condition can be written in the form
Ri jkl =
R
n(n− 1)
(gil .gjk − g
i
k.gjl) (129)
and the following relations are fulfilled
Rjk = R
l
jkl = g
l
i.R
i
jkl =
1
n .R.gjk ,
R = gjk.Rjk ,
I = Rjk.u
juk = 1n .R.e .
(130)
Proposition 14. The necessary and sufficient conditions for the existence
of K in the form
K =
1
n− 1
.g[K].hu (131)
are the conditions
sM = 0 , Ka = 0 .
Proof: 1. Sufficiency: From Ka = 0 it follows that K = Ks, N = 0 andM =
g(Ks)g = g(K)g. Therefore, I = g[M ] = g[K]. From sM = M −
1
n−1 .I.hu = 0
it follows that M = 1n−1 .g[K].hu = g(K)g. From the last expression it follows
the above condition for K.
2. Necessity: From the condition K = 1n−1 .g[K].h
u it follows that K = Ks
and therefore Ka = 0, N = 0 and M =
1
n−1 .g[K].hu, I = g[K] (because of
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hu(h
u)hu = hu, hu(g)hu = hu). From the forms of M and I it follows that
sM = 0.
Proposition 15. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without shear and rotation acceleration, induced
by the curvature (i.e. with sM = 0 , N = 0) is the condition
K =
1
n− 1
.g[K].hu .
Proof: Follows immediately from proposition 15.
5.2.5 Contravariant vector fields without expansion acceleration, in-
duced by the curvature (I = 0)
By means of the covariant metric g and the tensor field K(v, ξ) the notion
contravariant Ricci tensor Ricci can be introduced
Ricci(v, ξ) = g[K(v, ξ)] , ∀v, ξ ∈ T (M) , (132)
where
K(v, ξ) = Ri jkl.g
lm.vj .ξk.∂i ⊗ ∂m = R
α
βγκ.g
κδ.vβ .ξγ .eα ⊗ eδ , (133)
and the following relations are fulfilled
Ricci(eα, eβ) = g[K(eα, eβ)] = Rαβ ,
Ricci(∂i, ∂j) = g[K(∂i, ∂j)] = Rij ,
Ricci(u, u) = g[K(u, u)] = g[K] = I .
(134)
Proposition 16. The necessary and sufficient condition for the existence of
a contravariant vector field u (g(u, u) = e 6= 0) without expansion acceleration,
induced by the curvature (i.e. with I = 0) is the condition
Ricci(u, u) = 0 .
Proof: It follows immediately from the relation Ricci(u, u) = g[K(u, u)] =
g[K] = I.
Proposition 17. A sufficient condition for the existence of a contravariant
vector field u (g(u, u) = e 6= 0) without expansion acceleration, induced by the
curvature (i.e. with I = 0) is the condition
Ricci(eα, eβ) = Rαβ = R
γ
αβγ = 0 ,
Ricci(∂i, ∂j) = Rij = R
l
ijl = 0 .
(135)
Proof: From Ricci(∂i, ∂j) = Rij = 0 it follows that
Rij .u
iuj = uiuj .Ricci(∂i, ∂j) = Ricci(u, u) = I = 0.
In non-co-ordinate basis the proof is analogous to that in co-ordinate basis.
The existence of contravariant vector fields with vanishing characteristics,
induced by the curvature, is important for mathematical models of gravitational
interactions in theories over (Ln, g)-spaces.
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6 Conclusion
The covariant and contravariant metric introduced over differentiable manifolds
with contravariant and covariant affine connection allow applications for mathe-
matical models of dynamic systems described over (Ln, g)-spaces. On the other
side different type of geometries can be considered by imposing certain addi-
tional conditions of the type of metric transport on the metric. Additional
conditions determined by different ”draggings along” of the metric can have
physical interpretation connected with changes of the length of a vector field
and with changes of the angle between two vector fields.
The introduction of contravariant and covariant projective metric corre-
sponding to a non-isotropic (non-null) contravariant vector field allows the evo-
lution of tensor analysis over sub-manifolds of a manifold with contravariant
and covariant connection and metric and its applications for descriptions of the
evolution of physical systems over (Ln, g)-spaces.
The kinematic characteristics, connected with the introduced notions relative
velocity and relative acceleration can be used for description of different dynamic
systems by means of mathematical models, using differentiable manifoldM with
contravariant and covariant affine connection and metric as a model of space-
time (dimM = 4)(ETG in Vn-spaces, Einstein-Cartan theory in Un-spaces), or
as a model for the consideration of dynamic characteristics of some physical
systems (theories of the type of Kaluza-Klein in Vn-spaces (n ≻ 4), relativistic
hydrodynamics etc.). At the same time the kinematic characteristics can be used
for a more correct formulation of problems, connected with the experimental
check-up of modern gravitational theories.
In the case of general relativity theory proposition 5. can be used for describ-
ing the characteristics of gravitational detectors: If test particles are considered
to move in an external gravitational field (Rij = 0), then their relative ac-
celeration will be caused only by the curvature shear acceleration. Therefore,
gravitational wave detectors have to be able to detect accelerations of the type of
shear acceleration (and not of the type of expansion acceleration), if the energy-
momentum tensor of the detector is neglected as a source of a gravitational
field.
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A Kinematic characteristics connected with the
relative acceleration and expressed in terms
of the kinematic characteristics connected with
the relative velocity
The deformation, shear, rotation and expansion acceleration can be expressed
in terms of the shear, rotation and expansion velocity.
a) Deformation acceleration tensor A:
A = 1ehu(a)⊗ hu(a) + σ(g)σ + ω(g)ω +
2
n−1 .θ.(σ + ω) +
1
n−1 (θ
. + θ
2
n−1 )hu+
+σ(g)ω + ω(g)σ +∇uσ +∇uω +
1
e .hu(a)⊗ (g(u))(2k −∇ug)hu+
+ 1e [σ(a)⊗ g(u) + g(u)⊗ σ(a)] +
1
e [ω(a)⊗ g(u)− g(u)⊗ ω(a)]+
+hu(∇ug)σ + hu(∇ug)ω ,
(136)
where
k = ǫ+ s− (m+ q) = k0 − (m+ q) ,
k(g)£ξu = ∇£ξuu− T (£ξu, u) . (137)
In index form
Aij =
1
e .hika
kalhlj + σikg
klσlj + ωikg
klωlj +
2
n−1 .θ.σij +
1
n−1 (θ
. + θ
2
n−1 )hij+
+σij;ku
k + 1e .a
k[σikuj + σjkui + hk(ihj)lun(2k
nl − gnl ;ru
r)]+
+ 12 (hikg
kl
;ru
rσlj + hjkg
kl
;ru
rσli) +
1
2 (hikg
kl
;ru
rωlj + hjkg
kl
;ru
rωli)+
+σikg
klωlj − σjkg
klωli +
2
n−1 .θ.ωij + ωij;ru
r+
+ 1e .a
k[ωikuj − ωjkui + hk[ihj]lun(2k
nl − gnl ;ru
r)]+
+ 12 (hikg
kl
;ru
rσlj − hjkg
kl
;ru
rσli) +
1
2 (hikg
kl
;ru
rωlj − hjkg
kl
;ru
rωli) =
= Dij +Wij ,
(138)
A(ij) =
1
2
(Aij +Aji) , A[ij] =
1
2
(Aij −Aji) .
b) Shear acceleration tensor sD = D −
1
n−1 .U.hu:
D = 1ehu(a)⊗ hu(a) + σ(g)σ + ω(g)ω+
+ 2n−1 .θ.σ +
1
n−1 (θ
. + θ
2
n−1 )hu +∇uσ+
+ 12e [hu(a)⊗ (g(u))(2k −∇ug)hu + hu((g(u))(2k −∇ug))⊗ hu(a)]+
+ 1e [σ(a)⊗ g(u) + g(u)⊗ σ(a))]+
+ 12 [hu(∇ug)σ + σ(∇ug)hu] +
1
2 [hu(∇ug)ω − ω(∇ug)hu] .
(139)
In index form
Dij = Dji =
1
e .hika
kalhlj + σikg
klσlj + ωikg
klωlj+
+ 2n−1 .θ.σij +
1
n−1 (θ
. + θ
2
n−1 )hij + σij;ku
k+
+ 1e .a
k{σikuj + σjkui+
+hk(ihj)l[g
ml(e,m − grs;mu
rus − 2T nmru
run)− ung
nl
;mu
m]}+
+ 12 (hikg
kl
;mu
mσlj + hjkg
kl
;mu
mσli)+
+ 12 (hikg
kl
;mu
mωlj + hjkg
kl
;mu
mωli) .
(140)
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c) Rotation acceleration tensor W
= σ(g)ω + ω(g)σ + 2n−1 .θ.ω +∇uω+
+ 1e [ω(a)⊗ g(u)− g(u)⊗ ω(a)]+
+ 12e [hu(a)⊗ (g(u))(2k −∇ug)hu − hu((g(u))(2k −∇ug))⊗ hu(a)]+
+ 12 [hu(∇ug)σ − σ(∇ug)hu] +
1
2 [hu(∇ug)ω + ω(∇ug)hu] .
(141)
In index form
Wij = −Wji = σikg
klωlj − σjkg
klωli +
2
n−1 .θ.ωij + ωij;ku
k+
+ 1ea
k{ωikuj − ωjkui + hk[ihj]l[g
ml(e,m − grs;mu
rus−
−2T nmru
run)− ung
nl
;mu
m]}+
+ 12 (hikg
kl
;mu
mσlj − hjkg
kl
;mu
mσli)+
+ 12 (hikg
kl
;mu
mωlj − hjkg
kl
;mu
mωli) .
(142)
d) Expansion acceleration U
U = 1e .g(a, a) + g[σ(g)σ] + g[ω(g)ω] + θ
. + 1n−1 .θ
2+
+ 1e [2g(u,∇au)− 2g(u, T (a, u)) + (∇ug)(a, u)]
− 1e2 .g(u, a).[3g(u, a) + (∇ug)(u, u)] .
(143)
In index form
U = 1e .gija
iaj + gijgklσikσjl − g
ijgklωikωjl + θ
. + 1n−1 .θ
2+
+ 1e .gkla
k[gml(e,m − grs;mu
rus − 2T nmru
run)− ung
nl
;mu
m]−
+ 1e2 [
3
4 (e,ku
k)2 − (e,lu
l)gij;ku
kuiuj + 14 (gij;ku
kuiuj)2] .
(144)
e) Torsion-free and curvature-free shear acceleration tensor sFD0
sFD0 =F D0 −
1
n− 1
.FU0.hu
FD0 = hu(bs)hu , FU0 = g[b]−
1
e
.g(u,∇ua) . (145)
In index form
(FD0)ij = (FD0)ji =
1
2
.hik(a
k
;ng
nl + al ;ng
nk)hlj , (146)
FU0 = a
k
;k −
1
e .gklu
kal ;mu
m =
= ak ;k −
1
e [(gklu
kal);mu
m − gkl;mu
mukal − gkla
kal] .
(147)
f) Torsion-free and curvature-free rotation acceleration tensor FW0
FW0 = hu(ba)hu . (148)
In index form
(FW0)ij = −(FW0)ji =
1
2
.hik(a
k
;ng
nl − al;ng
nk)hlj . (149)
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g) Torsion-free and curvature-free expansion acceleration FU0 (s. e)).
h) Curvature-free shear acceleration tensor sD0 = D0 −
1
n−1 .U0.hu
D0 = hu(bs)hu −
1
2 [sP (g)σ + σ(g)sP ]−
1
2 [Q(g)ω + ω(g)Q]−
− 1n−1 (θ1.σ + θ.sP )−
1
n−1 (θ
. + 1n−1 .θ1.θ)hu −∇u(sP )−
− 12 [sP (g)ω − ω(g)sP ]−
1
2 [Q(g)σ − σ(g)Q]−
− 12e [hu(a)⊗ (g(u))(m+ q)hu + hu((g(u))(m+ q))⊗ hu(a)−
− 1e [sP (a)⊗ g(u) + g(u)⊗s P (a)]−
− 12 [hu(∇ug)sP +s P (∇ug)hu]−
1
2 [hu(∇ug)Q −Q(∇ug)hu] .
(150)
In index form
(D0)ij = (D0)ji = hk(ihj)la
k
;mg
ml −s Pk(iσj)lg
kl −Qk(iωj)lg
kl−
− 1n−1 (θ1.σij + θ.sPij)−
1
n−1 (θ
.
1 +
1
n−1 .θ1.θ)hij−
−sPij;mu
m +s Pk(iωj)lg
kl +Qk(iσj)lg
kl−
− 1e .a
k[sPikuj +s Pjkui + hk(ihj)lunT
n
mru
rgml]−
−sPk(ihj)lg
kl
;mu
m −Qk(ihj)lg
kl
;mu
m .
(151)
i) Curvature-free rotation acceleration tensor W0
W0 = hu(ba)hu −
1
2 [sP (g)σ − σ(g)sP ]−
1
2 [Q(g)ω − ω(g)Q]−
− 1n−1 (θ1.ω + θ.Q)−∇uQ −
1
2 [sP (g)ω + ω(g)sP ]−
− 12 [Q(g)σ + σ(g)Q]−
1
e [Q(a)⊗ g(u)− g(u)⊗Q(a)]−
− 12e [hu(a)⊗ (g(u))(m+ q)hu − hu((g(u))(m+ q)) ⊗ hu(a)]−
− 12 [hu(∇ug)sP −s P (∇ug)hu]−
1
2 [hu(∇ug)Q +Q(∇ug)hu] .
(152)
In index form
(W0)ij = −(W0)ji = hk[ihj]la
k
;mg
ml −s Pk[iσj]lg
kl −Qk[iωj]lg
kl−
− 1n−1 (θ1.ωij + θ.Qij)−Qij;mu
m+
+sPk[iωj]lg
kl +Qk[iσj]lg
kl−
− 1e .a
k(Qikuj −Qjkui + hk[ihj]lunT
n
mru
rgml)+
+sPk[ihj]lg
kl
;mu
m +Qk[ihj]lg
kl
;mu
m .
(153)
j) Curvature-free expansion acceleration U0
U0 = g[b]− g[sP (g)σ]− g[Q(g)ω]− θ
.
1 −
1
n−1 .θ1.θ−
− 1e [g(u, T (a, u)) + g(u,∇ua)] .
(154)
In index form
U0 = a
k
;k − g
ij .sPikg
klσlj − g
ijQikg
klωlj − θ
.
1 −
1
n−1 .θ1.θ−
− 1e [a
k(unT
n
kmu
m − 2gkm;lu
lum − gkla
l)+
+ 12 (e,ku
k),lu
l − 12 (gmn;ru
r);su
sumun] .
(155)
k) Shear acceleration tensor, induced by the torsion, sTD0
sTD0 =T D0 −
1
n− 1
.TU0.hu
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TD0 =
1
2 [sP (g)σ + σ(g)sP ] +
1
2 [Q(g)ω + ω(g)Q]+
+ 1n−1 (θ1.σ + θ.sP ) +
1
n−1 (θ
.
1 +
1
n−1 .θ1.θ)hu +∇u(sP )+
+ 12 [sP (g)ω − ω(g)sP ] +
1
2 [Q(g)σ − σ(g)Q]+
+ 12e [hu(a)⊗ (g(u))(m+ q)hu + hu((g(u))(m+ q)) ⊗ hu(a)]+
+ 1e [sP (a)⊗ g(u) + g(u)⊗s P (a)]+
+ 12 [hu(∇ug)sP +s P (∇ug)hu] +
1
2 [hu(∇ug)Q−Q(∇ug)hu] .
(156)
In index form
(TD0)ij = (FD0)ij − (D0)ij . (157)
l) Expansion acceleration, induced by the torsion, TU0
TU0 = g[sP (g)σ] + g[Q(g)ω] + θ
.
1 +
1
n− 1
.θ1.θ +
1
e
.g(u, T (a, u)) . (158)
In index form
TU0 =F U0 − U0 .
m) Rotation acceleration tensor, induced by the torsion, TW0
TW0 =
1
2 [sP (g)σ − σ(g)sP ] +
1
2 [Q(g)ω − ω(g)Q)]+
+ 1n−1 (θ1.ω + θ.Q) +∇uQ +
1
2 [sP (g)ω + ω(g)sP ]+
+ 12 [Q(g)σ + σ(g)Q]+
+ 12e [hu(a)⊗ (g(u))(m+ q)hu − hu((g(u))(m+ q)) ⊗ hu(a)]+
+ 1e [Q(a)⊗ g(u)− g(u)⊗Q(a)]+
+ 12 [hu(∇ug)sP −s P (∇ug)hu] +
1
2 [hu(∇ug)Q +Q(∇ug)hu] .
(159)
In index form
(TW0)ij = (FW0)ij − (W0)ij . (160)
n) Shear acceleration tensor, induced by the curvature, sM =M −
1
n−1 .I.hu
M = 1e .hu(a)⊗ hu(a) +
1
2 [sE(g)σ + σ(g)sE] +
1
2 [S(g)ω + ω(g)S]+
+ 1n−1 (θo.σ + θ.sE) +
1
n−1 (θ
.
o +
1
n−1 .θo.θ)hu +∇u(sE)+
+ 12 [sE(g)ω − ω(g)sE] +
1
2 [S(g)σ − σ(g)S]+
+ 12e [hu(a)⊗ (g(u))(k0 + k −∇ug)hu + hu((g(u))(k0 + k −∇ug))⊗ hu(a)]+
+ 1e [sE(a)⊗ g(u) + g(u)⊗s E(a)]+
+ 12 [hu(∇ug)sE +s E(∇ug)hu] +
1
2 [hu(∇ug)S − S(∇ug)hu]−
−hu(bs)hu .
(161)
In index form
Mij =Mji =
1
e .hika
kalhlj +s Ek(iσj)lg
kl + Sk(iωj)lg
kl+
+ 1n−1 (θo.σij + θ.sEij) +
1
n−1 (θ
.
o +
1
n−1 .θo.θ)hij−
−sEk(iωj)lg
kl − Sk(iσj)lg
kl +s Eij;ku
k+
+ 1e .a
k[sEikuj +s Ejkui + hk(ihj)lg
ml(e,m − unT
n
mru
r−
−grs;mu
rus + gmr;su
sur)]+
+sEk(ihj)lg
kl
;su
s + Sk(ihj)lg
kl
;su
s−
−hk(ihj)la
k
;mg
ml .
(162)
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o) Expansion acceleration, induced by the curvature, I
I = −g[b] + g[sE(g)σ] + g[S(g)ω] + θ
.
o +
1
n−1 .θo.θ+
+ 1e [2g(u,∇au)− g(u, T (a, u)) + u(g(u, a))]−
− 1e2 .g(u, a)[3g(u, a) + (∇ug)(u, u)] .
(163)
In index form
I = Riju
iuj = −aj ;j + g
ijgkl sEikσlj + g
ijgklSikωlj+
+θ.o +
1
n−1 .θo.θ +
1
e [a
k(e,k − unT
n
kmu
m − gmn;ku
mun−
−gkm;su
sum) + 12 (u
ke,k),lu
l − 12 .(gmn;ru
r);su
sumun]−
− 1e2 [
3
4 (e,ku
k)2 − (e,ku
k)gmn;ru
rumun + 14 (gmn;ru
rumun)2] .
(164)
p) Rotation expansion tensor, induced by the curvature, N
N = 12 [sE(g)σ − σ(g)sE] +
1
2 [S(g)ω − ω(g)S]+
+ 1n−1 (θo.ω + θ.S) +∇uS +
1
2 [sE(g)ω + ω(g)sE]+
+ 12 [S(g)σ + σ(g)S]+
+ 12e [hu(a)⊗ (g(u))(k0 + k −∇ug)hu − hu((g(u))(k0 + k −∇ug))⊗ hu(a)]+
+ 1e [S(a)⊗ g(u)− g(u)⊗ S(a)]+
+ 12 [hu(∇ug)sE −s E(∇ug)hu] +
1
2 [hu(∇ug)S + S(∇ug)hu]−
−hu(ba)hu .
(165)
In index form
Nij = −Nji =s Ek[iσj]lg
kl + Sk[iωj]lg
kl + 1n−1 (θo.ωij + θ.Sij)−
−sEk[iωj]lg
kl − Sk[iσj]lg
kl + Sij;ku
k − hk[ihj]la
k
;mg
ml+
+ 1e .a
k[Sikuj − Sjkui + hk[ihj]lg
ml(e,m − unT
n
mru
r−
−grs;mu
rus + gmr;su
sur)]−s Ek[ihj]lg
kl
;su
s − Sk[ihj]lg
kl
;su
s .
(166)
A Table 1. Kinematic characteristics connected
with the notions relative velocity and relative
acceleration
A.1 Kinematic characteristics connected with the relative
velocity: ........
1. Relative position vector field
(relative position vector) .............................. ξ⊥ = g(hu(ξ))
2. Relative velocity ...................................... relv = g(hu(∇uξ))
3. Deformation velocity tensor
(deformation velocity, deformation) .. d = d0 − d1 = σ + ω +
1
n−1 .θ.hu
4. Torsion-free deformation velocity tensor
(torsion-free deformation velocity, torsion-free deformation)
.................................................................... d0 =s E + S +
1
n−1 .θo.hu
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5. Deformation velocity tensor induced by the torsion
(torsion deformation velocity, torsion deformation)
.................................................................... d1 =s P +Q+
1
n−1 .θ1.hu
6. Shear velocity tensor
(shear velocity, shear) .................................. σ =s E −s P
7. Torsion-free shear velocity tensor
(torsion shear velocity, torsion shear) ............ sE = E −
1
n−1 .θo.hu
8. Shear velocity tensor induced by the torsion
(torsion shear velocity tensor, torsion shear velocity, torsion shear)
..................................................................... sP = P −
1
n−1 .θ1.hu
9. Rotation velocity tensor
(rotation velocity, rotation) ................................ ω = S −Q
10. Torsion-free rotation velocity tensor
(torsion-free rotation velocity, torsion-free rotation)
......................................................................... S = hu(s)hu
11. Rotation velocity tensor induced by the torsion
(torsion rotation velocity, torsion rotation) .......... Q = hu(q)hu
12. Expansion velocity
(expansion) ....................................................... θ = θo − θ1
13. Torsion-free expansion velocity
(torsion-free expansion) ..................................... θo = g[E]
14. Expansion velocity induced by the torsion
(torsion expansion velocity, torsion expansion) .... θ1 = g[P ] .
A.2 Kinematic characteristics connected with the relative
acceleration:
1. Acceleration ......................................................... a = ∇uu
2. Relative acceleration ................... ...................... rela = g(hu(∇u∇uξ))
3. Deformation acceleration tensor
(deformation acceleration) ................................ A =s D +W +
1
n−1 .U.hu
......................................................................... A = A0 +G
......................................................................... A =F A0 −T A0 +G
4. Torsion-free and curvature-free deformation acceleration tensor
(torsion-free and curvature-free deformation acceleration)
................................................................ FA0 =sF D0+F W0+
1
n−1 .FU0.hu
4.a. Curvature-free deformation acceleration tensor
(curvature-free deformation acceleration) ... A0 =s D0 +W0 +
1
n−1 .U0.hu
5. Deformation acceleration tensor induced by the torsion
(torsion deformation acceleration tensor, torsion deformation acceleration)
.................................................................TA0 =sT D0 +T W0 +
1
n−1 .TU0.hu
5.a. Deformation acceleration tensor induced by the curvature
(curvature deformation acceleration tensor, curvature deformation accelera-
tion)
.................................................................. G =s M +N +
1
n−1 .I.hu
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6. Shear acceleration tensor
(shear acceleration) ................................... sD = D −
1
n−1 .U.hu
.................................................................. sD =s D0 +s M
.................................................................. sD =sF D0 −sT D0 +s M
7. Torsion-free and curvature-free shear acceleration tensor
(torsion-free and curvature-free shear acceleration)
................................................................. sFD0 =F D0 −
1
n−1 .FU0.hu
7.a. Curvature-free shear acceleration tensor
(curvature-free shear acceleration) .............. sD0 = D0 −
1
n−1 .U0.hu
................................................................... sD0 =sF D0 −sT D0
8. Shear acceleration tensor induced by the torsion
(torsion shear acceleration tensor, torsion shear acceleration)
.................................................................. sTD0 =T D0 −
1
n−1 .TU0.hu
8.a. Shear acceleration tensor induced by the curvature
(curvature shear acceleration tensor, curvature shear acceleration)
.................................................................... sM =M −
1
n−1 .I.hu
9. Rotation acceleration tensor
(rotation acceleration) .................................... W =W0 +N
...................................................................... W =F W0 −T W0 +N
10. Torsion-free and curvature-free rotation acceleration tensor
(torsion-free and curvature-free rotation acceleration)
.................................................................... FW0 = hu(ba)hu
10.a. Curvature-free rotation acceleration tensor
(curvature-free rotation acceleration) .............. W0 =W −N
...................................................................... W0 =F W0 −T W0
11. Rotation acceleration tensor induced by the torsion
(torsion rotation acceleration tensor, torsion rotation acceleration)
.................................................................... TW0 =F W0 −W0
11.a. Rotation acceleration tensor induced by the curvature
(curvature rotation acceleration tensor, curvature rotation acceleration)
...................................................................... N = hu(Ka)hu
12. Expansion acceleration ............................. U = U0 + I
...................................................................... U =F U0 −T U0 + I
13. Torsion-free and curvature-free expansion acceleration
.................................................................... FU0 = g[FD0]
13.a. Curvature-free expansion acceleration ... U0 = g[D0]
.......................................................................U0 =F U0 −T U0
14. Expansion acceleration induced by the torsion
(torsion expansion acceleration) .................. ... U0 = g[TD0]
14.a. Expansion acceleration induced by the curvature
(curvature expansion acceleration) ................... I = g[M ] = g[G]
42
B Table 2. Classification of non-isotropic auto-
parallel vector fields on the basis of the kine-
matic characteristics connected with the rel-
ative velocity and relative acceleration
B.1 Classification on the basis of kinematic characteristics
connected with the relative velocity
The following conditions, connected with the relative velocity, can characterize
the vector fields over manifolds with affine connection and metric:
1. σ = 0.
2. ω = 0.
3. θ = 0.
4. σ = 0, ω = 0.
5. σ = 0, θ = 0.
6. ω = 0, θ = 0.
7. σ = 0, ω = 0, θ = 0.
8. sE = 0.
9. S = 0.
10. θo = 0.
11. sE = 0, S = 0.
12. sE = 0, θo = 0.
13. S = 0, θo = 0.
14. sE = 0, S = 0, θo = 0.
15. sP = 0.
16. Q = 0.
17. θ1 = 0.
18. sP = 0, Q = 0.
19. sP = 0, θ1 = 0.
20. Q = 0, θ1 = 0.
21. sP = 0, Q = 0, θ1 = 0.
B.2 Classification on the basis of the kinematic character-
istics connected with the relative acceleration
The following conditions, connected with the relative acceleration, can charac-
terize the vector fields over manifolds with affine connection and metric:
1. sD = 0.
2. W = 0.
3. U = 0.
4. sD = 0, W = 0.
5. sD = 0, U = 0.
6. W = 0, U = 0.
7. sD = 0, W = 0, U = 0.
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8. sM = 0.
9. N = 0.
10. I = 0.
11. sM = 0, N = 0.
12. sM = 0, I = 0.
13. N = 0, I = 0.
14. sM = 0, N = 0, I = 0.
15. sTD0 = 0.
16. TW0 = 0.
17. TU0 = 0.
18. sTD0 = 0, TW0 = 0.
19. sTD0 = 0, TU0 = 0.
20. TW0 = 0, TU0 = 0.
21. sTD0 = 0, TW0 = 0, TU0 = 0.
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